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Introduction 



The characteristic scale of string theory is given by the string tension T. 
At energies of order of \/T or higher, string physics truly distinguishes itself 
from point particle physics. One may alternatively view the high energy limit 
as the zero tension limit, since only the energy measured in string units, ^ 
is relevant. Strings in which the zero tension (T ^ 0), has been taken are 
called null and they were first considered by Schild 0]. It has been shown 
in that a null string corresponds to a collection of particles each of which 
moves independently along a null geodesic. In this respect the zero tension 
limit of a string theory is the analogue of massless particles. 

The quantization of the null string was firstly discussed in ^ and then 
in 0]. In p was found that the quantization of the string does not give rise 
to critical dimensions, while in was pointed out that the issue depends 
crucially on the choice of ordering, and that normal ordering gives a critical 
dimension d = 26 for the bosonic null string. In ||^, it was shown that when 
T ^ 0, the Weyl invariance is substituted by conformal invariance at the 
classical level. In [^] using general arguments it is shown that requiring this 
symmetry to hold at the quantum level leads to restrictions on the Hilbert 
space. The supersymmetric version of null string is given in |^, ^ and for 
general where a null string with manifest space-time supersymmetry is given 
in 1^ (null superstring) and one with manifest world-sheet supersymmetry is 
given in 1^ § (null spinning string). 

In this paper we are going to investigate the conformal symmetry of the 
null spinning string at the quantum level using covariant methods and in 
particular the Hamiltonian BRST method using the ordering presented 
in which we find is more natural for the tensionless string discussed in . 

The content of the paper is as follows: In section 1 we give the BRST 
quantization of the usual null spinning string for different numbers of su- 
persymmetries. There, using normal ordering we reproduce for = and 
N = 2 the results obtained in Q]. Then we give the results of the BRST 
quantization for the physical ordering |, H. In section 2 we construct 
a null spinning string with manifest conformal invariance. Using the same 
methods we find negative critical dimensions for 7^ and d = 2 when 
A = 0, as found in 0. 
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1 The null spinning string 



The action for the null spinning string is given by |^ 

S = I cfaiiVdaX'^ + z^'f^xliV'dbXf' + i^'^x') + t^^^Vda^], (1) 

where /i = 0,...,(i — lisa space-time index d being the space-time dimension 
and a = 0, 1 is a world sheet index. V"' is a weight w = contravariant 2- 
dimensional vector density, ^f*'^ is the fermionic partner of X^, i = 1, . . . , N, 
N being the number of supersymmetries and x* is the fermionic partner of 
V"'. The fermions are densities of weight w = to ensure covariance. In 
the T — > limit arises as = ^"Xa with Xa the ordinary gravitino. In 
(|1]) and in all the following relations a summation over repeated i indices is 
assumed. 

The action is invariant under the following local supersymmetry trans- 
formations 

SXf" = ie'^^" 

= iVie'x") 
Sx' = Ve^ + i(e^x^)x\ 

where e = e(cr) is a density of weight ^ and we have introduced the notation 
d = V^da and V = V^Va- The covariant derivative involves a connection 
about which it is sufficient to assume VaV^° = 0, which thus is the "metricity 
condition" of our theory. 

The canonical momenta derived from the action (|T]) are 

2V%V^daX, + z^'^V''x\) 


0. 



P„ = 



pi,a 
X 



Pva = 



dL 

'^X^^ 
dL 

dL 



dL 
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They satisfy the usual commutation relations. The set of primary constraints 
is given by 



0, P^''^ = 0, Pva = 0. 

From the general definition of the Hamiltonian we can write 



H 



d^a[X^P^ + ^^vr^ -L + Xl^P^''^ + X^^Pva + XfD 



where the A's are Lagrange multipliers. In order for the theory to be consis- 
tent all the constraints must hold for all times. This means that we have to 
require the following consistency conditions 



0^5 



a) ^ P^%{a) 







which means that the condition 5"*' (cr) = is a secondary constraint. In 
exactly the same way we will have 



Pvi{o) 
Pvoicr) 










^'{a)^i^X'^P^ + t^^^'f,)ia) = 
-^P^P, - T^V'X'>'P„, - iXf¥^ = 



1/02 



and using these three last relations 

0. 



' - 



cr 



P^PM) 



It is not difficult to show now that Py^^^a), Py,°'{a), S^'~^{a), (j)^{a) and 
(/)~^(o") constitute a complete set of first class constraints and that the Hamil- 
tonian is a linear combination of thesei. In what follows we are going to gauge 
fix the field V^{a) equal to | to have a direct correspondence with previously 
obtained results. The remaining constraints form the following algebra 



0- 



D.B. 



D.B. 



p{a - a') 
da 

d 



J da 



^This is in fact something that we might expected since the theory is reparametrization 
invariant. 
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I r 



(j)-\(y) + (j)-\(y') 5{a-a')S 



(2) 



All other brackets are zero. Note that we replaced the original Poisson brack- 
ets with Dirac brackets to eliminate the second class constraints . This means 
that the canonical commutation relations will be 



D.B. 



a 



(3) 



To quantize the system we have to replace Dirac brackets by (anti-) commutators 
according to i{ }(d.b.)± [ ]± = !)• Then (||) become 



pi/ 



where we have used the Fourier modes of the operators X'^ and We 
should also note here that the mode indices of ■0^ are integral or half odd 
depending on the sector. In the Ramond sector they are integral and in 
the Neveu-Schwarz sector they are half odd. So in the quantum case the 
constraint algebra (H) takes the form 



[m 



n] 



m 



( qi-l 

where we have used the Fourier modes of the constraints which read 



i Pm-k ■Pk = 



s: 



i-1 
m 



hoo 

2 / ^ Pm—k 

— oo 

— oo 

+ 00 



m- 



.k-Xk + Ikijin-k ■ ^fc] = 



(4) 
(5) 
(6) 
(7) 

(8) 
(9) 
(10) 



Note that we have included central extensions in the constraint algebra due 
to ordering ambiguities. The particular form of the central extensions is 
limited by the Jacobi identities. 
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With the structure constants at hand we may write down the Hamiltonian 
BRST charge Q 

k 

k,l ^ 

^i-k^i-J^Kli]- (11) 

Here we have introduced the (anti-) ghosts c", Y'^'^, corresponding 

to the constraints (p'^, S^~'^, fulfilhng the canonical relations {a = —1,L) 



{CX} = s'^'Sr, 



i-1 0j-l 



5^^ 5 



The couplings are determined by the structure constants f^'^^ of the alge- 
bra(|D according to the general prescription of [|10[] : 

Q = 0V-i(-l)"Vii^&/c^c^, (12) 

where 



nj 



for (p"^ bosonic 

1 for d)-^ fermionic 



and the index / runs over all possible constraints. 

The classical nilpotency, = 0, is guaranteed by construction. To check 
the nilpotency of the quantum Q we use the following trick. 

We begin by defining the extended constraints 0^ by the equation 

4>i^{blQ}. (13) 

Using (pAj) we find that the extended constraints are given by the following 
relations 



m 



i^-k)c'lkb-\k ■■ (14) 
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6^ = "(Z)^- 



+ ^ : [(A; - m)c_fc6j+fc + (A; - m)c^i,b^^k + 



+ ij - ^)7-fe^/5™+i] : -aiSm (15) 

-00 ^ 

where : : is the ordering for which Q \phys) = 0. 

It is not difficult to check that the extended constraints satisfy the same 
algebra as the original constraints so their algebra is the tilded version of 

We can now calculate the BRST anomaly using a method described in 
13, [T^ . There it is shown that 



Q' = lT.dl;!cLcim, (17) 

where d^"^ are the central extensions of the extended constraints algebra. 
This means that 

3 

2' = f^~iE^c^cf:^ + J2Eyc^c^m- (18) 

The exact values of df, f = 1,2 depend on the vacuum and ordering we have 
used. The simplest and safest method to determine these constants is to 
calculate the vacuum expectation value of the commutators (|T^-(0) for the 
extended constraints. 

We assume ffist that every operator with positive index annihilates the 
vacuum. This means that Vm > 

|0) = |0) = Si;^' |0) = 0. 
The expectation value of the commutator is 

(0| [4>t 4>'lm] |0) = 2m (0| 4>o |0) + d,m' + d2m. 
In the R-sector for m = 1 we will have 

2 (0| 4>o |0) + d, + 4 = (0| 0f 0^ |0) = ^ - 4 + ^N. 
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For m 



Nd 



4 (0| 0^ |0) + 8di + 2d2 = (0| (f)^(f)t2 |0) = d + — - 34 + 7N. 
From the last two equations we can write 



1 

24' 



d-^ = —[4d + Nd - 104 + 22N) 
-Ad + 2Nd + 48af ) , 



where af^ = (0| 0q |0). As we can see from (|T^) the BRST charge can be 
nilpotent only if di = (i2 = which in turn means that the following relations 
have to be satisfied 



d 



104 - 22N 

A + N '■ 



a 



R 



_ 6Ar + 8 
A + N ■ 



So in the Ramond sector we will have positive critical space-time dimen- 
sions for the following numbers of supersymmetries 



Ramond Sector 


N 


Critical dimension 







26 


-2 


2 


10 





4 


2 






In exactly the same manner we can find that in the NS-sector we will 
have the following relations 



d 



104 - 22A^ 



^NS 



_ 16 



A + N ' 2(4 + A^)' 

So in the Neveu-Schwarz sector we will have the following table 



Neveu-Schwarz Sector 


N 


Critical dimension 


<^ 





26 


-2 


2 


10 


-1 


4 


2 
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Note that the results for = 0, 2 are those obtained in [Q. We should also 
remark that the = 4 case gives the same critical dimension, d = 2, with 
the N = 2 formulation of the usual T ^ spinning string. 

According to arguments presented in however the vacuum suitable for 
tensionless is not the one annihilated by the positive modes of the operators 
but the one annihilated by the momenta 

p^:,|0) = Vm. 

Following the prescription of |TT|, we will take the ket states to be built 
from our vacuum of choice, |0)p, and the bra states to be built from ^.(Ol 
satisfying x{0\0)p = 1- For this vacuum and from the requirement that the 
BRST charge (|T7|) should annihilate the vacuum, we can find requirements 
for the ghost part of the vacuum. Doing this we find that the vacuum has to 
satisfy the following conditions Vm, i 

(0|x^ = (0|c-i = (017^' = 0. 

As can be seen from the previous relations the condition p^|0) = does not 
specify how the ipl^ operators will act on this vacuum. We do not like to 
have a condition like V'XiO) = 0,Vm on the vacuum since this would destroy 
all the fermionic creation operators. Choosing V'mlO) — 0,Vm > will give 
us the following conditions 

C"|0) = ci\0) = bi\0) = 
(0|^!.';, = (0|c^^=(0|6^„ = 0. 

With this choice of vacuum it is not difficult to find that the commutator (|^) 
will give for A^ 7^ oi 



48a;f), for the R-sector, 
48a^'^), for the NS-sector. 

- d2 = and thus that — 0, independent of 



~d^ = ^iNd-52) 

d^ = l^(2Nd + A- 

= ^{-Nd + A- 

^For = it can be shown that di = 
the dimension d. 
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So in this case we will have the following 



Physical Ordering 


N 


Critical dimension 






1 


52 


y 

4 


-1 


2 


26 


y 

4 


-1 


4 


13 


y 

4 


-1 


13 


4 


y 


-1 


26 


2 


4 


-1 


52 


1 


y 

4 


-1 



2 The conformal spinning string 

Let us return to the action of the null spinning string (|I]). It is not difficult 
to check that the action is invariant under the group of space-time conformal 
transformations 
(i) Lorentz transformations 



Su^V = 

^..x: = (19) 



(ii) Translations 





= F 




= 




= 




= 



(iii) Special conformal transformations 



(20) 



SbX" = {b ■ X)X'' - ix'^if 

Sb^'f' = lib-X)^'^' 

= -{b-X)^ 

8bx\ = i(&-^)Xa 
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(21) 



(iv) Dilatations 

The isomorphism C^-i^i — 0{d, 2) for d > 3 makes it possible to construct a 
theory in two extra dimensions such that the previous model corresponds to a 
particular gauge fixing of the latter and the conformal symmetry is manifest 
and linearly realized p|, |l^, |^ . This conformal spinning string action can be 
given by 

S = I d'ailV'ida + WJX^ + i<il'\'][V\d, + W,)Xa + i^W] + 
where A = 0, . . . ,d + 1 and the new metric has the form 



2 

a j 




Vab 



Wa is the gauge field for scale transformations, A^^ and $ are Lagrange 
multiplier fields. 

We can check that by imposing two gauge fixing conditions = 0, 
X~^ = 1 the generators of the Lorentz transformations in the extended space 
become the generators of the conformal group in the original space. Thus 
rotations in the extended space correspond to conformal transformations in 
the original space. 

Going to the Hamiltonian formulation we find in exactly the same manner 
that the Hamiltonian is again a linear combination of the constraints. In 
addition to the original constraints (|8|)-(p^ we will have four new ones which 
in Fourier modes can be written as follows 

+00 

(^l = lT.Pn^-k-^k = (22) 
—00 
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^1 



s: 



+00 

—00 
+00 





2 51 ^m-fc ■ V'l; 
—00 

+00 

^^in-k ■ = 0. 

-00 



(23) 
(24) 
(25) 



where i,j = 1,...,N and i < j in the last constraint. Note that if one 
discards (p^, the remaining constraints will describe the conformal spinning 



particle presented in [|14 



The constraint algebra with the central extensions included will be given 



by 



■^mi r'n 



5 r'n 



ml rn 



i-l 



S 



dP 

) rn 



b'' S 



i-l 



rm 1 '-^n 



4>m^ ^n 
"^m ' Vn 



—n< 



6*^ 

-^m+n 



^ 0/3, — 1 ria ^ QOi, — ^s:iP 



2 V^m+n" 



2rm-hn" ' 2 
'2^^(f>l^+n + 2(2^4 + id3m)Sm+n 

(m + n)0^+„ 



5^' 



2 'A'm+n" 



'm+n 
^m+n 



m+n 



-1 

'm+n 



m+n 



-iS. 



-1 

'm+n 

m 
~2 



1 J.0 



2 



7'^m+n" 7i m+n" 
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6° S''^ 

ml n 



m+n 



6° (/)° 



-imdsSm+n- 



(26) 



All the other commutators except vanish. 

The structure constants obtained here can be inserted into the relation 
( p!2D to find the BRST charge which is rather complicated this time due to 
the large number of constraints 



k i<j 

+ T.l-^'^-kC--}bl^i - ^ciAbU, + tc-JAKli - 

k,l 



k+l 



■ 1 i, — lni,l I " u — J- /Oi, — J- • — i *)J-/Oi, — - 

tc_kl-i Pk+i + ^c^kl-i Pk+i -ic_k-/li(3^^i 



ni,-l 



1 i.l ni,-l 

1 



I i\ L i.l ni.l * i.l ni.l ^ i.-l i.li^O 

(- + l)c_k-i_i^k+i - 2^-kl-iPk+i - ip-k 1-A+i 
--/Ikl-ih+i + lp~k T-iH+i - iplk T-iK+i + 

LC__j.C_iU^^l 2^-k^-rk+l ^ 2^-k'^-l"k+l ^ 

1 Ji Ja jaj I ij ajiia ^ R""'^ \ 

2^-k'^-l"k+l 2^-k^-l'^k+l 2'-k ^-iPk+l "r 

2l-k ^~lPk+l 2l--k^-lPk+l ^ 2l-k^~lPk+l\- 



(27) 



We can check the nilpotency of Q with the use of the extended constraints. 
Due to (|13]) and (^Tj) we will have 



+ CXD 



(28) 



13 



+0O 



: + ^ : [(A; + m)c^fc6^+„ + {k - m)c_^6j+fc + 

— oo 

k'^-kKi+k + (k — 171)0^ i^b^_^i^ + kcijjj^j^j^ + 

(y - /i;)7-fc^/5m+fc - (y + ^)7-l/?m+fc] : -"L'^m (29) 

~- 1 1 L ■ 1 11 1 ■ 1 

—00 

1 7 

^ ai oa-l I ■ 1 ^j,l I _^ ni-1 _ 

2^-kf-'m+k ^ ''^-kym+k ^ 2 ^^'~^™-+^ 
+00 

^'^m = • 0m • + 51 • [^'^-fc^m+fc ~ '^(^-k^rn+k ~ ''^^^-k^m+k ~ 

—00 

7-l/5m+fc + ^7-fe^/5m+fc] : -aof^m (31) 



2 I —Ki m+K ' 2 

+00 



-00 

^7!:^^/a.] : (32) 

~ ■ 1 1 ^ L ' I 11 1 ■ 1 

— • • + • H( 'o "I" ^)'^-k(^rn+k ~ \l-k^m+k ~ l^'^^-kPm+k + 
-00 ^ ^ 

\aioa,l _--l^*-l_l0 ^i,l _ 
2 -kf-^m+k ^'^-kym+k 2 ^^'~^'^+^ 

\l-k ^m+k ~ ^m+k + 'j^-k Hn+k] • (33) 

+00 

0m = • 0m • + • [~''^'^-k^m+k + \^^-k^m+k + 



2 -fc'^m+fc 2 -fc m+fe 2 '-fc r^m+k ~ 

/^m+A: ~ \l-kl^m+k + \l~kl^m+k\ • • (34) 



2 



They satisfy the same algebra as the original constraints. This means that 

m 



2 = "1 -^c;;ci^ 



14 



m ^ 

+ J4 E("^c^c^m + 2^4c:^ + S!:'™)- (35) 

The only thing that remains now is to calculate the values of the constants 
dj = 1,...,4 for the vacuum and ordering introduced introduced in the 
previous section. In this case the condition p^\0) = WA together with 
the requirement that the BRST charge ( P?] ) gives the following consistency 
conditions Vm 



Pi\0) = 410) = 7^'|0) = &-'|0) = /5^-^|0) = 



We find the values of and by calculating the expectation value of 
the commutator (0| [0^, (p^^] Indeed we have 

(0| [0^, 0^ J |0) =m{0\4 |0) + dsm^ + d,m 
=^ = mao + d-^m? + diUi = 
=^ d^ = 0, d4 = —ao- 

But from ( ^T]) for a Hermitian BRST charge Q we will have 



ao = (0| 0° |0) = -^[d-2 + 2N] lim E 1 " (36) 

The BRST charge is nilpotent when all the constants df = 1, ... ,4 are 
equal to 0. In particular we must have 

d4 = 0^ d=2-2N. (37) 

This last relation shows us that we cannot have a positive critical dimension 
for 7^ irrespective of how acts on vacuum. Note also that ( ^7|) gives 
(i = 2 for = as obtained in 0. 

In this article we carried the techniques developed in for the conformal 
string, to the T — > limit of the spinning string. Faced with the anomaly 
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( |36[ ) , it would be interesting to see if we could use the philosophy of which 
led to a "topological state space" result. The natural generalization in our 
case would be to require that = only on physical states. This is a 
topic of future investigations. Another interesting problem is to see if it is 
possible to apply the same techniques to the space-time superstring case and 
to investigate if this theory is equivalent to the one presented here. 

Acknowledgements:! would like to thank Ulf Lindstrom and Rikard von 
Unge for useful comments and fruitful discussions. 
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